The discovery of the topological insulators has fueled a surge of interests in the topological phases in periodic systems. 
ical waves. I anticipate my work to be a starting point to study the topological properties of mechanical waves. Even richer topological phases other than those have been found in electronics systems can be explored when we use more general mechanical waves e.g. waves in membranes with periodic densities. These phases may provide guides to hunt novel topological properties in other branches of science.
Both one dimensional(1D) and two dimensional(2D) systems have been used to simulate the topological insulators [5] [6] [7] [8] [9] [10] [11] [12] [13] . The edge states of 1D systems are zero dimensional and therefore the transport property of the edge states can't be studied in 1D simulations. However, this defect of 1D system is compensated by the fact that the parameter which is the analogue of the one component, say k y , of the wave vector of the 2D system, can be readily controlled. In comparison, in 2D simulations, due to the lack of information of k y , the transmission spectrums are measured instead 6, 7 . However, from the transmission spectrum we can't determine whether the edge states are topologically gapless or not.
Another difficulty of the electromagnetic simulations is that the topological invariant can't be directly measured. In electronic systems the topological invariant can manifest itself through the quantum Hall conductance 19 . However, due to the different statistics the quantum Hall conductance has no natural counterpart in the electromagnetic waves. So the bulk topological invariant must be obtained from the Bloch waves. Although there are some theoretical and experimental works on how to measure the topological invariants in some indirect ways [20] [21] [22] [23] [24] , no attempt has been made to obtain the bulk topological invariant by directly measuring the Bloch waves.
The above difficulties make the observation of the topological phases in electromagnetic systems not so conclusive. I find if classical strings are used to simulate topological phases, all these difficulties disappears. First, the eigenfrequencies of standing waves in the classical string can be easily measured and the parameter corresponding to k y can be readily controlled. So gaplessness of the edge states can be confirmed by directly measuring the spectrum of the edge states as function of
Second, the standing wave function with fixed boundary conditions can be easily measured. The other linearly independent solution of the eigenequation with same eigenvalue can be derived from it 25 . By proper linear combinations Bloch waves can be obtained from them. In this way the bulk topological invariants can be easily observed.
Due to their great controllability, two variable parameters can be used in strings to simulate topological phases in the three dimensional(3D) electronic systems. Such simulations have never been proposed in the electromagnetic systems. Now I show the quantum Hall state can be simulated by a classical string with periodic density.
The eigenvalue equation for the string can be expressed as:
ρ(x, k y ) is a periodic function of x. k y is a parameter for 2D mapping similar to θ in Ref 9 or φ in Ref 26 . Here I assume ρ(x) = m 0 + m 1 cos(2πx/a − k y ). a is the prime period of the density function. When k y adiabatically change by 2π the string is translated by one period. If the periodic boundary condition is used, the eigenfunctions of (1) are Bloch waves ψ kxky (x) = e ikxx u kxky (x).
The k x is a genuine wave vector. k x ∈ [0, 2π/a] and k y ∈ [0, 2π] form a 2D Brillouin zone. The eigenfrequencies as functions of k x and k y form 2D frequency bands as is shown in Fig.1 a.
The topology of a band can be described by it's Chern number 19 , 27
Where F (k x , k y ) is the Berry curvature
The Berry curvature for the lowest band is shown in According to the bulk and edge correspondence 28, 29 there must be gapless edge states in the bulk frequency gap. The gapless edge states spectrum as function of k y is plotted in Fig.2 a and b.
Because the boundaries of the string can be easily controlled, even some of delicate features of the edge state spectrum can be simulated. For example, when the length of the string isn't a multiple of a, a shift of the edge states similar to that in the incommensurate case in Ref 29 appears as is shown in Fig.2 b.
Another interesting observation is that, similar to the discrete case, x = na is always a zero point of the edge state wave function for all integer n. So as long as the length of the string equal a multiple of a and the fixed boundary condition is used, the edge states eigen frequencies have nothing to do with the total length of string. This means the edge states spectrum of the string can be measured even when the string contains only one period, which facilitates the observation of the edge state spectrum greatly.
An adiabatic pumping is proposed in Ref 26 . However, because the light isn't in an eigenstate of the Hamiltonian and the parameter φ doesn't change with time, the observation in Ref 26 isn't an adiabatic pumping in it's original sense. To get more realistic adiabatic pumping we can start with an eigen edge state of the string and change k y slowly. Fig.2 c and d show that if the string is translated slow enough the edge state can be pumped from one end of the string to the other end and in this process the string is always approximately in an eigenstate of corresponding k y .
In the electromagnetic simulations edge states is proved to be robust against the disorders [6] [7] [8] . However, the robustness of the gaplessness of the edge states hasn't been confirmed. I add some disorders to the density distribution of the string to simulate the 1D randomness in the 2D system in quantum mechanics as in Ref 29 . As is shown in Fig.3 a, at least in this special condition, the edge states remain gapless when the disorders are present. As a by product I find some of the bulk states become localized when disorders are present as is shown in Fig.3 b. It's a perfect illustration of the Anderson localization 30 .
We can use two or more strings to simulate the quantum particles with spins. As an example, I
use two strings to simulate the electrons. The two strings have same periodic density distributions except for opposite k y and they correspond to the two eigenstates the spin S z . Thus the two strings simulate a Z 2 topological insulator with conserved S z 1 .
By introducing coupling between the two strings the magnetic field can be simulated. We connect points with same x by springs between the two strings. I assume the springs are distributed dense enough that they can be considered as a continuous distribution with spring rate k(x). With these springs the eigenvalue equation can be expressed as:
The coupling corresponds to x dependent potential and magnetic field(x direction) in the 2D quan-tum system. When k(x) = k 0 is a small constant a gap is opened in the edge states spectrum as is shown in the Fig.4 a, which confirms that only with the time reversal symmetry can the edge states of Z 2 topological insulator be truly gapless.
A 3D weak topological insulator can be simulated if k 0 = λ sin(k z ). Where k z ∈ [0, 2π] and corresponds to the z component of the wave vector. The coupling terms then become λ sin(k z )I − λ sin(k z )σ x . Where I is a 2 × 2 unit matrix and σ x is a Pauli matrix. Extra springs can be attached to the strings to obtain time reversal symmetric coupling terms λI − λ sin(k z )σ x . Then the strings are mapped to a time reversal symmetric 3D system. The edge state spectrum as function of k y and k z is plotted in Fig.4 b, which shows that there are two Dirac points at the symmetric point of the Brillouin zone. So the coupled strings are topologically equivalent to a weak topological insulator 18 .
Using more complicated density functions, a normal insulator, topological semimetal and weak topological insulator phase transition can be simulated. I assume the density function in (4) takes the form At last it may be pointed out my work not only provide a entirely new platform to study the topological phases in a convenient and accurate way, it may also find some engineering applications.
For example, localized vibrations can be created and transferred by using a 1D periodic systems. 
